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Abgtract. Let M be a prime I' -ring with 2-torsion free, I a nonzero ideal of M and
f:M — M aleft generdized derivation of M, with associated nonzero derivation d on M.
If f(x) € Z(M) for dl x € I, then M isacommutative I-ring.
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1. Introduction

The notion of I'-ring was first introduction by Nobusawa [9] and also shown that T-ring,
more genera than rings. Barnes [1] slightly weakened the conditions in the definitions of
ar-rings in the sense of Nobusawa. After the study of I'-rings by Nobusawa [9] and
Barnes [1], many researchers have a done lot of work and have obtained some
generalizations of the corresponding results in ring theory [6][8]. Barnes [1] and kyuno
[8] studied the structure of T'-ring and obtained various generalizations of the
corresponding results of ring theory. Hvala [4] introduced the concept of Generalized
derivations in rings. Dey, Paul and Rakhimov [3] discussed some properties of
Generalized derivations in semiprime gamma rings Bresar [2] studied on the distance of
the composition of two derivations to the generalized derivations. Jaya Subba Reddy. et
al. [5] studied centralizing and commutating left generalized derivation on prime ring is
commutative. Jaya Subba Reddy et al. [12] studied some results of symmetric reverse
bi-derivations on prime rings, Ozturk et al. [10] studied on derivations of prime gamma
rings. Khan et a. [6,7] studied on derivations and generalized derivations on prime I'-
rings is a commutative. In this paper we extended some results on left generalized
derivations on prime I'-ring is a commutative.

2. Preliminaries

If M and T are additive abelian groups and there existsamappingM X I' X M - M
which satisfies the following conditions:

Fordla,be Manda,p €T,
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() (a, B, b), denoted by afb, is an element of M

(ii) (@ + b)Bc = afc + bfc,a(a + B)b = aab + afb, af(b + c) = afb + afic

(iii) (aab)Bc = aa(bBc)

then M iscalled aT-ring [1]. It isknown that from (i), (iii) the following follows:

08b =a0b =aB0=0 (A)

fordlaandbinM andal g inT [1].

Every ring isar-ring with M = I'. However aT-ring need not bearing. Let M bearl-
ring, then M is caled a prime-ring, if al'MTh = 0 impliesa =0 or b =0, for al
a,b € M and M is caled a semiprime I'-ring, if alMT'a = 0 impliesa = 0, for al a €
M. Every prime T-ring is obviously semiprime. If M isaTr-ring, then M is said to be 2-
torsion free if 2x = 0 impliesx = 0, for all x € M . An additive subgroup I of M is
caled aleft (right) ideal of M if MTI < I (ITM < ). If I isboth left and right ideal of M,
then we say I is an ideal of M. Moreover, the set Z(M) = {x € M:xBy = yBx VB €
I, y € M}iscdled the centre of theT-ring M. We shall write [x, y]z = xBy — yBx, for
al x,yeM and BT . We shall make use of the basic commutator identities:
[xBy, z]la = [X,2]oBY + XBy, 2]l ad [x,yBz]q = [x,y]aBz + yB[x, 2], , for all
x,y,Z €M and a,§ € T. If I-ring satisfies the assumption (B) aabfc = afbac, for al
a,b,ceManda,B €T. Let M be aT-ring. An additive mappingd: M —» M is called a
derivation on M if d(xyy) = d(x)yy + xyd(y) holds for al x,y e M and y €T. An
additive mapping f: M — M is called a generalized derivation if there exists a derivation
d:M — M such that f(xyy) = f(x)yy + xyd(y) holdsfor all x,y e M and y € T. An
additive mapping f:M — M is caled a left generalized derivation if there exists a
derivation d: M — M such that f(xyy) = xyf(y) + d(x)yy holds for al x,y € M and
y € I'. A derivation of the formx - aax + xab wherea, b are fixed elements of M and
a € T'is caled generaized inner derivation. An additive mappingT: M — M is called a
left (right) centralizer if T(xay) =Tx)ay (T(xay) = xaT(y)) for dl x,y € M and
a erl.

Lemma 2.1. Let M be aprime I'-ring with 2-torsion freeand I anonzero idea of M. Let
f:M — M be aleft generalized derivation of M, associated with derivation d. If f(y) =
0, foral y €1,thenf = 0.

Proof: For alx,yeland B €T, f(xBy)=0. That is, xBf(y) + d(x)By = 0, which
implies d(x)By =0. Let ze M,a eT. The last relation dong with (A) gives,
d(x)Bzay = 0. Since M is prime[-ring and [ is a nonzero ideal, sod(x) = 0, for al
x € I. Hence , by hypothesis, f(xfr) =0, fordlxel,andB €T, andr € M. That is,
xBf(r) +d(x)Br =0, which givesxff(r) =0.Let we M,y €T'. The last relation
along with (A), impliesxywpBf (r) = 0. Sincel is nonzero and primeness of M, gives

f=0.

Lemma 2.2. Let ] be a nonzero ideal of a primeTl-ring M,a € M and f # 0is a left
generalized derivation of M, with associated nonzero derivation d, then

M Iff)Ba=0fordlyeland B €T, then a =0,

(iDlf apf(y) =0 foral yeland B €T, then a =0.

Proof:
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(YForanyyel,reManda,B €T, f(ray)fa =0.Thais,
raf(y)Ba+ d(r)ayBa = 0 Whichimplies, d(r)ayBa = 0. Sincel isa
nonzeroideal of M and d # 0, weget a = 0.

(ii) Proof issimilarto (i).

3. Main results
Theorem 3.1. Let M be a prime I'-ring with 2-torsion free and [ a nonzero ideal of M.
Let f: M — M be aleft generalized derivation of M, with associated nonzero derivation d
onM.If f(x) € Z(M) for dl x € I, then M is acommutative I-ring.
Proof: Using hypothesis, we have [f (x8y), x], = 0, fordl x,y € I, a, B € T, which
gives [xBf (¥) + d(x)By, ], = 0
xBIf ), x]q + [, x]oaBf () + dCO)BLY, x]a + [d(x), x]oBy = O
Using hypothesis, we get
d()Bly, xlq + [d(x), x]oBy = 0
d(x)Byax — d(x)Bxay + d(x)axfy — xad(x)By =0
Using (B), from the last equation we get
d(x)Byax —d(x)axBy + d(x)axfy — xad(x)By =0
d(x)Byax — xad(x)By =0, fordl ,yel, a,B €T. Q)
Let z € I. Replacing y by zBy in equation (1), we get
d(x)BzByax — xad(x)BzBy =0
Which aong with equation (1) and (B) gives,
d(x)BzByax — d(x)BzBxay = 0
d(x)BzBly,x], =0, fordl x,yeland o, €T.
Sincel isanonzero idea of M and d +# 0, therefore M isa commutative I'- ring.

Theorem 3.2. Let M be a prime I'-ring with 2-torsion free and [ a nonzero ideal of M.
Let f:M — M be a generalized derivation and left generalized derivation of M, with
associated derivation d on M. If a € M and [f(x),a], =0, for dl x €I, a €T, then
either a € Z(M) or d(a) = 0.
Proof: Using hypothesis, we have

[f(xBy),a]la =0, foranyxe M,yelanda,f €T.
Thisgives [xBd(y) + f(x)By,ale =0

[xBd(y),alq + [f(x)By,ala = 0
The last equation gives

xBld(y), alq + [x,aloBd(Y) + f(x)Bly, alq + [f(x),alaBy = 0
Using hypothesis, from the last equation we get

xBld(y), alq + [x,aloBd(y) + f(X)By, ale = 0

xpd(y)aa — xpaad(y) + xaafd(y) — aaxpd(y) + f(x)Byaa — f (x)Baay = 0
Using (B), from thelast equation we get

xpd(y)aa — xaapd(y) + xaafd(y) — aaxpd(y) + f(x)Byaa — f (x)Baay = 0
xpd(y)aa — aaxpd(y) + f(x)Byaa — f(x)Baay = 0 2
Let z € M. Replacing x by zyx in equation (2), we get

zyxpd(y)aa — aazyxBd(y) + f(zyx)Byaa — f(zyx)Baay = 0

zyxpd(y)aa — aazyxBd(y) + zy(f (x)Byaa — f (x)Baay) + d(2)yxB(yaa — aay)

=0

Using equation (2), from the last equation we get
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zyxBd(y)aa — aazyxBd(y) + zy(aaxBd(y) — xBd(y)aa) + d(z2)yxB|y,al, =0
zyxpd(y)aa — aazyxfd(y) + zyaaxfd(y) — zyxpd(y)aa + d(2)yxp[y,ale = 0
Using (B), from the last equation we get
—aazyxpd(y) + zaayxpd(y) + d(2)yxp[y,ale =0
[z, alqoyxBd(y) + d(2)yxBly,ale =0
Replacing y by a from the last equation, we get
[z, alqyxBd(a) + d(2)yxpBla,al, =0
[z,al,yxBd(a) =0, fordlxel,zeManda, B,y €T.
Since I isnonzeroideal of prime T-ring M, therefore either d(a) = 0 or a € Z(M).

Corollary 3.2.1. Let M be a prime I'-ring with 2-torsion free and I a nonzero idea of
M. Let f: M — M be aleft generaized derivation of M, with associated derivation d on
M. f [f(x), f(O)]g =0,foral x,y €I, B €T, then M isacommutative I'-ring.

Proof: Using Theorem 3.2, we have f(I) c Z(M), we get the corollary 3.2.1 proof.

Theorem 3.3. Let M be a prime I'-ring with 2-torsion free and I anonzero ideal of M.
Let f: M — M be aleft generalized derivation of M, with associated derivation d on M. If

fxBy) = f(x)Bf(y),foradlx,y eI, B €T, thend = 0.

Proof: f(xBy) = xBf(y) + d(x)By,foranyx,y € I, § € T.

FEOBF() = xBf () + d(x)By 3
Let w €I,y € T.Thenreplacing y by wyy in equation (3), we get

fO)Bf (wyy) = xBf (wyy) + d(x)Bwyy

dx)pwy(f(y) —y) =0,fordl x,yel,and y,B €T.

Since I isanonzero ideal of the prime I'-ring M, therefore either f(y) —y = 0 for al
yelord(x)=0fordlxel.If f(y)—y=0,then f(y) =y foraly el.Replacing
vy by yBx inthelast equation, we get f(yBx) = yBx, whichimplies yBf(x) +

d(y)Bx = yBx, which givesyfx + d(y)Bx = yBx. Thatisd(y)Bx = 0, fordl x,y €I,
B eT.Thusd(y) =0 foradly €I forboth cases. So d = 0.

Theorem 3.4. Let M be a prime I-ring with 2-torsion free and I anonzero ideal of M.
Let f: M — M bealeft generalized derivation of M, with associated derivation d on M. If
f(xBy) = fBf(x),foradlx,y eI, B €T, thend = 0.

Proof: f(xBy) =xBf(y) +d(x)By ,fordlx,yel,B€T.

fDBf(x) = xBf (y) + d(x)By (4)
Letx €I,y € I. Replacing y by xyy ineguation (4), we get

fCyy)Bf (x) = xBf (xyy) + d(x)Bxyy

xyfBf (x) +dx)yyBf(x) = xBf )vf (x) + d(x)Bxyy

Using (B), from the last equation we get

xBfyvf(x) +d)yyBf(x) = xBf )vf (x) + d(x)Bxyy

dx)yyBf(x) = d(x)Bxyy (5)
Let wel,a€eTl. Thenreplacing y by yaw, we get

d(x)yyawpf(x) = d(x)Bxyyaw

Using equation (5) in above equation, we get

d(x)yyawBf(x) = d(x)yyBf(x)aw

Using (B), from the last equation we get
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dx)yyaf (x)pw — d(x)yyawBf(x) =0
d)yyalf(x),wlg =0

Since I isanonzero ideal of the prime I'-ring M. Therefore either d(x) = 0 for al x € I
or [f(x),w]g=0for dl x,welandBeTl. Let A={x€l:d(x)=0}and B=
{x e :[f(x),w]g =0,Yw e }. Obviously A and B are additive subgroups of I.
Moreover I is the set theoretic union of A and B. But a group cannot be set theoretic
union of two proper sub groups . Hence either A=7Tor B=1.If A=1, we have
d(R) = 0, which completes the proof. If B =1, then 0 = [f(x),w]g = wa[f(x),7]p
fordl x,wel, reMand a,f €T. Thus, we obtain f(I) c Z(M), Using Theorem
3.2, wegetd = 0.
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